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Differential Equations. 

I. 

Pm^iicular and Complete Integrals, 

1. An equation involving one or more of the derivatives of a func- 
tion ?y, with reference to an independent variable a*, and one or both of 
the variables themselves is called a differential equation. The ordei* of 
\ the equation is the same as that of the highest derivative which enters 
^ it, and its degree is indicated by the exponent of the highest power of 
"^^ this derivative which occurs. Thus 

"5 d-y dv 

^8 a differential equation of the second order and of the first degree. 
^ It is readily shown that 
^ y=ze'suia^ (2) 



■^y 



,^j-^atisfies this equation; but this is not the general solution of the equa- 
^ tion, for y = e' cos x is also a solution, and in fact the most general so- 
lution is 

y =: Ae' sin x -j- B e' cos or , • (3)' 
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where A and B are any constant quantities. 
'^ 2. The simplest type of differential equations is 



dx 

or * dy —.f[x) dx; 

whence by integration 



y = jA^) (^ ' 



If we regard the integral in this equation as a particular value of the 
indefinite integral, the most general lolution of equation (1) is expressed 
by the complete integral 



y 



= y*f {x) djc -j- a (3) 



In like manner, a solution of any differential equation is called a par- 
ticular integral of the equation, and the most general solution is called 



the complete integral. Thus, in Art. 1. equation (2) is a particular inte- 
gral and (3) is the complete integral of equation (1). 

The constants which occur in the complete integral and not in the 
differential equation are called constants of integration. 

3. The solution of a differential equation may be in the form of a 
relation between x and y. In this case, the verification consists in sho wr- 
ing that the given differential equation can be derived from the integral 
equation either directly by differentiation or by combining it with the 
equations resulting from its differentiation. For example, the solution 
of 

{^'-t/')~^—^^'y = (> (1) 

is x^ -i-y'' -cy = 0: (2) 

for. if we differentiate this equation, we have 

. 2x-\-(2y~c)-^ = 0, (3) 

and the result of eliminating c between equations (2) and (3) is found 
to be equation (1). 

4. An equation containing x. y, and one or more arbitrary constants 
from which a differential equation independent of these constants is 
derived is sometimes called the primitive of the differential equation. 
Thus, equation (2) is the primitive of equation (1). When the primi- 
tive contains a single arbitrary constant, a differential equation of the 
first order can be obtained, the constant either disappearing on differ- 
entiation, or as in the example, being eliminated from the direct result 
of differentiation by means of the primitive equation itself. In like 
manner, if the primitive contains two arbitrary constants, we proceed 
to a second differentiation and eliminate the two constants between the 
primitive and the two differential equations, the result being a differ- 
ential equation of the second order. It is thus evident that in the com- 
plete integral of an equation of the first order but one arbitrary constant 
can occur, as in equation (2) of the preceding article, while two and two 
only must occur in the complete integral of a differential equation of 
the second order, and so on. 

Separation of the Variables. 

6. A differential equation of the first order and degree may be 
written in the form 



Mdx + Ndy = 0, 

M and N being in general functions of x and y. The simplest case is 
that in which Af is a function of x only, and N a function of y only, in 
other words when the equation can be written in the form 

f(x)dx^<t>(y)dy = 0, (1) 

of which the complete integral is evidently 

yV (x) dx -f-y*^ (y) dy = a (2) 

6: The process of reducing an equation, when possible, to the form 
( 1 ) is called the separation of the varUMes. Thus, in the equation 

(l-2/)da?H-(l-|-a?)dy=:0 (1) 

the variables are seperated by dividing by (\'\-x) (1 — y)\ whence 

dx dy 



l+a? \—y 

and integrating 

log (1 -h a?) - log (1 - y) = C. (3) 

The solution here presents itself in a transcendental form, but it Is 
readily reduced to an algebraic form; thus form (3) 

log ~ = C 

1—2/ 

whence -r =:€r = C^ 

i — y 

or l+a? = C(l-y), 

in which C is put for the constant e\ 

Homogeniovs Equations of the First Order and Degree. 

7. The equation 

Mdx-\-Ndy=zQ 

is said to be homogeneous when M and N are homogeneous functions of 
x and y of the same degree. Since the ratio of two homogeneous func- 

y 

tions of the same degree is a function of ^ we may write the equation 

X 



in the form 

dx 



=/(!). 



if then we put y = xz, whence ^y-= x --^ -f- z. we have 

in which the variables can be separated, thus, 

dx dz 

X ~ f(z) — z' 

For example equation (1) of Art. 3, 

is homogeneous. Putting y = xz we obtain 

dz . 2z 

X— \- z = 



dx 1 — z'' 



dz z -\- z^. 

whence x — ; — =: ~ 

dx 1 — z^ 



dx 1 — z^ ^ 

X z [\-\-z^) 

Decomposing the fraction 

dx dz 2z dz 



X z 14-^ 



2 ' 



z 
therefore log x = logr—. — ~ -|- C, 



'l-\-z' 



and replacing « by ^ , 

X 



y 

or x^ -\- y^ =: C y. 

S, The equation Mdx + ^dy = can always be solved when M 
N are functions of the first degree in x and y , that is when the equation 
is of the form 

dy _ (LT-j- b y-^c ^ 

dx ~'a'x-{-~b'y-\-c' ' ^ ' 



for sul 8 itute iu this 



and we have 



(2) 



(3) 



dn __ a^-\- brj -f- a/i -f- 6fc -|- c 

If now we determine h and k b}' the equations 

a'h -f b'k H- c'= f ^ 
equation (2) takes the homogeneous form 

d'/ __<''^ -\- bi , 

from which we can determine the integral equation between ^" and //, 
and thence that involving x and y. 

Equations (3) give impossible values of h and k 

a' b' 
when - — -— = m, 

a b 

In this case ( 1 ) can be written in the form 

dy ax-^bjj -\-c 



dx m {ax -\- by) -{- c 

and putting ax -\-by ~ z. whence 

dy dz 



a-f-b 



da; da? 



dz z-^c 

we have 'ZTZ — ci— o- 



dx mz -f- C 

in which the variables can be separated. 

Jia-act Differential Eqvations. 

9. An expression which is the direct result of diff erentation is called 
an exact differential, and an equation in which an exact diflFerential is 
put equal to zero is called an exact differential equation. Thus, if n is 
a function of x and y 

du = 

is an exact differential equation; and its complete integral is 

uz=a 
The exact differential du is the form 

du z= Mdx + ^dy 
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in which M and JVare the partial derivatives of tr, that is. 

ax L.y 

hence, as shown in Art. 403, Diff. Calc, we must have. 

dM __ dN 

dy'^dx' (^) 

each of the members of this equation being in fact a value of 



dx dy' 

Therefore (1) is a necessary condition in order that 

Mdx 4- Ndy — (8) 

should be an exact differential equation. 

For example the equation 

^y dx -\- X dy^zL^S 

is not exact, because M^=2y and Nz=zx^ so that (1) is not satisfied; but 
if we multiply the equation by a;, we have 

2 xydx + x'^dy =z 
which is exact because M= 2xy^ N=:x^, so that 

dM „ dN 
dy dx 

8. When the condition (1) is satisfied, the complete integral u =z C 
is found by direct integration. Since 

duzrzMdx -\-N dy^ 

the differential of u taken on the supposition that y is constant is Mdx^ 
hence 

uz=f Mdx-\-Y (1) 

where F, which takes the place of the constant of integration, is inde- 
pendent of a?, but may iavolva y. To find F, we have from (1), since 

dy 



N=~- I Mdx + 



or 



dy^ dy 

from which Y is to be found by integration. Thus, in the example given 
in Art. 7, M=z2xyajid (1) gives 



and (2) gives, since A'^ric^, 

dY 



= N — x^=0; 



dy 

therefore Y ^=C 

and the complete integral is , 

x''y-\-C — Q. 

0. It is to. be noticed that the second member of equation (2) will 
be found independent of a*, for its derivative with respect to x is 

dN __ dM 
dx ay 

which is zero by the condition for an exact differential. The expres- 
sion in fact denotes those terms of iV w^hich are independent of ic, It is 
evident that the integrals of these terms, and also of those containing x 
only, may be considered separately, provided the terms containing both 
X and y constitute an exact differential. It is therefore only necessary 
t-) apply the criterion to these terms. Thus, in the equation 

{2x-\-y) dx-^(x — y) dy — 0, 

these terms are ydx -|- xdy^ which is the differential of ooy, hence the 
integral is 

x^ +a^ — iy^ z=C. 

10. An expression involving only some function of x and y and the 
differential of this function is obviously an exact differential. Thus, 
in the equation 

xdx-\-ydy ydx—x dv 

the first term is a function oi x^ -\-y^ and its differential, and the second 

X 

term is a function of — and its differential. In other words, the equa- 

y 

tion can be written in the form 

d(x^-\-y^) . '{j) . 



2V(a^'+2/'-tl) ' (5)'^i 



y 

hence the integral is 



_i ^ 



V(a^'+y'+l)-ftan-^ - = C. 

if 
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Integrating Factors, 

11. As shown in Art. 4, a differential equation of the form 

MdX'\-Ndy=:{i (1) 

may be regarded as derived from a primitive containing an arbitrary 
constant C by the elimination of C between the primitive and the equa- 
tion derived from it directly by differentation. If however the primi- 
tive be reduced to the form 

/(a?,7/) = C, (2) 

the constant will disappear by direct integration, and tlie result must 
be equivalent to equation (1). We infer therefore that the differential 
of equation (2) is of the form 

//(Mcto-f-iVd2/)=0, (3) 

in which m is a factor which generally contains x and y. 

Equation (3) is an exact differential equation, and the factor n which 
converts (1) into an exact differential equation is called an integrating 
factor. 

A differential equation of the form (1) has a variety Of integrating 
factors corresponding to different forms of the constant of integration. 
For example, if we differentiate equations (3) and (4) of Art. 6, we 
obtain equation (1) multiplied respectively by 

and 



each of these expressions is therefore an integrating factor of equation 

(1). 

12. An integrating factor is sometimes suggested by the form of 
the differential equation. Fer example in the equation 

(y H- log x) dx — xdy = 

the terms containing both x and y are 

ydx — xdy 

which become an exact differential when divided hj y^ or by x^^ and 

since the remaining term contains x only, — ^ is an integrating factor. 

Thus we write 

ydx — xdy log x dx 

a?* x^ T 

whence integrating 

_ ZL_!2££_i + c=o, 

XXX 
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9 
or Cx + 2/ + log a? -f- 1 = 0. 

The Linear Equation of the First Order. 

13. A differential equation is said to be linear when it is of the first 
degree with respect to 2/ and its derivatives. The linear equation of the 
first order may therefore be written in the form " 

1 + -^-^' 

in which P and Q may be any functions of x. 
If the coefficient of y is constant, the form is 

dy -\~aydxz= Qdx (1 ) 

of which e^^^ is an integrating factor. Thus, we have / 

e«^ dy -\- a e^^y da? = e^*^ Qdx, 

and the complete integral is 

ax r ax.. , ^ 

c y= I e ©da? + C. (2) 

For example, the integral of 

dx ^-^ 
IS e'^y=z Je dx-\-C 

nx 

or 2/ = f +Ce^. 

n—1 



14. The linear equation with a variable coefficient 

dec 



dt . ^ ^ 



ypdx 

in solved in a similar manner, the integrating factor being e Thus, 

e^P'^ dy + e^^*^ Pydx = /^^ Qdx, 
whence integrating 

It is unnecessary to add an arbitrary constant to the integral fPdx since 
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the presence of a single arbitrary constant is sufficient in the solution of 
an equation of the first order: and in fact if we put fPdx -|- c in place 
of fPdx in equation (2) we have 

e" e-^-P*^^ y = e^f/^^ Qdx + C 

c 
which is plainly equivalent to (2) if C^ = e C. 

16. It is of course impossible to express the complete integral of the 
general equation (1) without the aid of the integral sign, but in some 
cases it is possible to evaluate the integrals in equation (2). Thus, in 
the linear equation 

dx x-\-\ 
we have P= — -—.whence 

07 + 1 

fpdx=\o^(x-it\), e-^^^ — x-j-i. 

and equation (2) gives 

(x-{-l)y—/*(x^ — \)dx 

x^~-^x-\-C 

Extension of the Linear Equation. 
16. An equation of the form 

where P and Q are functions of a?, can be reduced to the linear form ; 



an 

for dividing by y we have 



dx 
and putting 



,-"^+^.»^e, 



z=iy^ whence dtz:=^(\ — n)y dy. 



this becomes 



1 ^+Pz = Q. 



1 — n dx 
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If we change the sign of n. the equation takes the form 

which is accordingly reduced to a linear form by putting z:=y ^^ . 



11. 

Equations of the First Order ^ hut not of the First Degree. 

■J 

17. Let p— -^; 

dx 

then an equation of the first orier is a relation between a;, y. and p. 
which should, if possible, be solved for p. 

Suppose the equation to be algebraic, and , for example, of the second 
degree with respect to p. If the two values found for p are rational 
functions of x and ?/. the equation is decomposable into two equations 
of the first degree. Thus. 

is equivalent to the two equations 

ax '' ■ 

dy , 
and -~ -+- aj/ ~ 0, 



cix 



whose solutions are 



_, ax 

y = Ce , 



and y—Ce, 

either of which is a solution of equation (1). 

18. In a proper, that is, an indecomposable equation of the first order 
and second degree, the two expressions for p are the values of a two- 
valued function of x and y. Thus, the equation 

V dx/ ~ l — x' ^^^ 

dx \ dy 



12 

Integrating, we have 

—1 - 1 

sin X -\- sin y — C, (2) 

in which the ff.ultiple values of sin y render it unnecessary to retain 
the ambiguous sign. This result may be reduced to an algebraic lorm: 
for, taking the cosine of each member, we liave 

Vl — - iP^ V^ — y" —Oiy^= cos C — 0, 
and rationalizing, 

1 — a?2 _ 2/2 = c- -h 2€xy, (3) 

an equation of the second degree with respect to the constant of inte- 
gration c. 

Gecmetrical Meanliig of a Diijerential Equation of the First 

Order, 

19. If in a differential e'quation of the first order .v and y be taken 
as the rectangular coordinates of a point, we have 

pT=~ =z tan 0, 
(ix 

where <i> is the inclination to the axis of x of the direction in which the 
point is moving. We may assume any values for x and y, that is, any 
position for the point, the equation then determines the value of p, and 
therefore the direction in whicli the point moves. If the point moves 
in the assigned direction from its initial position, the value of p will in 
general vary, and the point will move in a curve whose equation is an 
integral of the differential equation. The complete integral is the equa- 
tion of a system of curves determined in this manner, c being an arbitiary 
parameter, whose value depends upon the position of the assumed ini- 
tial point. 

20. If the equation is of the first degree, the value of p is real for 
every position of the assumed point, and there is but one value of p cor- 
responding to a given i>oint. Hence, the system of curves is such that 
one curve and only one passes through a given jjoint. In other words, 
no two curves of the system intersect; and, as the parameter c passes 
through all its possible values, the variable curve sweei)8 over the whole 
plane. Accordingly, if the coordinates of the assumed point are substi- 
tuted in the complete integral, the re. ulting equation determines a single 
real value of c. Hence the complete integral may be expressed as an 
equation of the first degree with respect to c. 
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21. If the differential equation is of the second degree, there will 
be. for each position of the assumed point, two real or imaginary values 
of p. Hence, the system of curves represented by the completeintegral 
is. in this cat^e. such that two curves pass through every point for which 
the values of p are real. Hence, if the coordinates of such a point be 
substituted in the complete integral, the resulting equation determines 
t *^'o values of c: and we infer that the complete integral may be express- 
ed as an equation of the second degree with respect to c. 

In like manner, it may be shown that when the differential equation 
li of the nth dcjree with respect to p, tlie integral equation is of the nth 
degree with re.ipect to g. 

S'l ng ular Sol 1 1 Ion s. 

22. A differential equation of the first order and second degree may 
be written in the form 

Lp' ■^Mp-\-N-(^, (1) 

in which L, M and N are in general functions of x and y^ and, if P be 
the assumed point, they will have definite numerical values for each 
position of P. The values of p will generally be real when P is in a cer- 
tain part of the plane, and imaginary for the rest of the plane; while, 
on the boundary separating these regions, the values of p will be equal. 
The condition that (1) shall have equal roots, is 

JW2— 4LiV = 0. (2) 

This is an equation between x and y which must be satisfied when P is 
on the boundary line. 

23. If now the system of curves represented by the complete inte- 
gral has an envelop, it is evident that this envelop will conotitute a por- 
tion at least of the boundary line; and, since the envelop touches at P, 

dv 
one of the curves of the system, the value of ^-=- for a point moving in 

ax 

the envelop will be identical with the value of p derived from the dif- 
ferential equation. In other words, the ^equation of the envelop is a 
solution. of the given differential equation. Such a solution, not being 
included in the complete integral, is called a singular solution. 
For example, equation ( 1 ) of Art. 18 is 

{l-X^)p^-(X-y^)=zO, ■ 

and the condition for equal roots, is 

(i-x-')(i-y') = o. 



9 
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the locus of which couRiFtn of the straight lines 

X— -'1, y^r= — 1. 

Each of these is found to satisfy the given differential equation, and is 
a singular solution; thelines are. in fact, the envelops of the system of 
ellix^ses and hyperbolas represented by the com|>lete primitive, [equa- 
tion (3), Art. 18,] 

^' +?/' +2cxf/-f-c2 — 1--0. 

(h/,y)-Zori and Tac-Ijjci. 

24. It must not be inferred that 3/^ — 4LN ^^r 0. always represents 
a sln.;ular solution, although it includes the singular solution if there 
be one. For. in the first place, suppose that the curve represented by 
the complete integral has a cusp for all values of c; it is obvious that the 
values of p will be real upon one side of the line described by the cus]) 
as c varies, and Imaginary upon the other side; \\hile. the values of p 
for points on this line, which is called a cuap-lo-Mi^^ will be equal, but 

locus. Hence, if there be a cupxj-Iocus. it will be included in tlie locus 

of . 

J/-' — 4LiV=:0, 

but will not satisfy the given differential equation. 
For example, the equation 

has equal roots when 

X — 0, 

but this does not satisfy the differential equation. The complete inte- 
gral in this case is 

which represents a system of semi-cubical parabolas whose cusps are 
situated upon the axis of ?/. w^hich is thus a cusp-locus. 

26. In the next place, suppose that the curve touches another curve 
of the system ; then the two values of p are equal at the point of contact ; 
as c varies, this point describes a line called a tcvc-locus, for every point 
of which the values of p are equal ; the equation of this line is therefore 
included in the equation 

M'—4:LN—0\ 

but it will not satisfy the differential equation. 

It is to be noticed that, since the values of p are real upon both sides 
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of a tac locus, the ex]>iession M- — 4LX does not change sign as we 
crops a tac locus. For this reason, the factor which van ishes at a tac-locvs 
(jtncrally appears as a square fai-t or. ami in aU cases with an even exx^o- 
iiCiit. As an example let us take the equation 

The condition for equid roots is 

£r(3a? — a)2=0; (3) 

a: — satisfies the differential equation apd is therefore a singular solu- 
tion, but the expression 3.r — a) ^ does nut change sign as we cross the 

line 

a 

•-1/ — — * 
o 

which, accordingly, is Qie e(iuaiion of a tac l.;cus. 

Dericatioii (tf the Sinyidar Sohfiioa froiii ihe C&mpleie In- 

tivrat. 

26. It is t\idtm fi< ni Ait 2l' that whtn ihe cooidim.tes of the a.s- 
trnied p(.JLt are hub. tituied in the complete integral, the \alues of c, 
(Ittermined from the itsuiting equation, aie ital and imaginary respec- 
tlvel}^ in the same portions ol the pii.ne in which thoife of p are real and 
im;;giiiary. B^^ reasoning siinilar to that employed in Arts. 23 and 23. 
it is shown tbat the condition thiit c should have e:iual roots must be 
satLsfied by a singular r.olUiion. Sup^ osing the differential equation to 
be of the second degree, the ccmiUte integral is of the form 

where P, Q and R are functions of x ai^d //. iind the condition for equal 
roots is 

^2 — 4Pi2=, 0. 
Thus, in the example given in Art. 23, this equation is 

X'y' — x''~y^ + lz=0, 
which is identical with the condition that p shall have equal roots. 

JScde-loci and i\(Sj)-loci. 

27. The equation Q'—\PR ^ 0. like J/- — 4/.A^ — 0. includes the 
equation of a cusp locus, and for the same reascn (compare Art. 24) ; but 
it does not include the equation of a tac-locus, for the two curves which 
touch one another in a point of the tac-locus corresjjond to different 
values of c. 

On the other hand the expression Q- — 4PR may contain a factor 
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which is not contained in M^ — 4LN. For, supposing the cune repre- 
senting the integral to have a node, p will at the node have two distinct 
values', but, since these values correspond, not to two distinct curves of 
the system, but to the two branches of a single curve, th3re will at this 
point be but one value of c. Hence, at a node, the condition that, c has 
equal roots is satisfied, but not the condition that p has equal roots. 

28. If the curve has a node for all values of c. then, as b varies, the 
node will describe a line called a node-locus^ every ix)int of which satis- 
fies the equation 

and whose equation is therefore a factor of this equation. But, since 
the values of c are real on both sides of the node-locos^ the expression 
Q'^ — 4Pi2 does not change sign as the point (a?, y) crosses this line; 
hence the factor indicating a node-locus generally appears as a square 
factor^ and in all cases vnth an euen exponent. 
For example, the integral of the equation 

4ajp* — (3a; — a)*^0, (1) 

3ic— -a 

given in Art. 25, is 

y -\-c^=x^ — Oil-, 

or (y -f- c) 2 = a; (a? — a^. (3) 

The condition that c shall have equal roots is 

a;(a7— a)2 = 0; (4) 

a; = is the singular solution as found in Art. 25, and a? = a is the locus 
of the cusp (a, — c) of the curve (3). 

29. On the other hand, the values of c being real on one side of an 
envelop or of a cusp-locus and imaginary on the other, the factor repre- 
senting either of these curves must appear with an odd exponent: but, 
in the case of a cusp-locus^ the exponent cannot be less than three. Thus, 
if, in the example given in the preceding article, we put a = 0, the com- 
plete integral (3) becomes 

representing a system of semi-cubical parabolas, as in Art. 24. The 
node-locus a? =: a has now united with the envelop a; = to form a cusp- 
locus, and the factors representing them in equation (4) now constitute 
the triple factor a;^ = 0. 
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30. It would at first eight appear that we should, in like manner, find 
the cusp-locus represented by a triple factor in the equation M^ — ALN = 
derived from the differential equation; thus in the present example, 
when a =r the tac locus a? =r i a, found in Art. 25, unites with the enve- 
lop X := 0. It is however to be noticed that, when a = in equation (1), 
this factor divides out, so that when a = 0, equation (2) of Art. 25 no 
longer represents the condition for equal roots, which is simply a? = 0, 
the square of the factor in question having disappeared from the expres- 
sion M^ —4:LN, That the factor must always thus divide out is evident 
from the fact that the values of p at the tac-locus and at the envelop 
do not become ideiiticaU when these lines are brought into coincidence; 
whence the general value of p [expressed in the present example by 
equation (2), Art. 28,1 must become iudeterminate in the special case, 
and this can only happen when the vanishing factor divides out from the 
differential equation. 

The reasoning by which the results obtained in the preceding arti- 
cles are established, although, for simplicity, stated with reference to 
differential equations of the second degree, is evidently applicable also 
to equations of higher degrees. 

Differentiation of a Differential Equation, 

31. The differentiation of a differential equation of the first order 
produces a differential equation of the second order; but, if the given 
equation can be solved for y. that is, put in the form 

y=f[x,p), 

the result will be of the form 



^^K*"'^'^)' 



which, not containing 2/, may be regarded as a differential equation of 
the first order between the variables x and p. If we can integrate this 
last equation, we shall have a relation between a?, p and a constant of 
integration, c; but the original equation is a relation between x^ y and 
p\ hence, if we eliminate p between these equations we shall have the 
relation between x y and c, that is, the complete integral. 

32. For example, given 
solving for y, y = aj-h\/p? (1) 



18 

and differentiating, 

Separating the variables, we have 



dxz=i 



2y/p(p-l)' 



and integrating, 



or 



1 , y/p-1 



_ 1 4.e2ic-2c 
whence VP — — ;., 

and elininatingp by means of equation (1), 

e -he 
y—x= 

2C 2X 

e — e 

33. A differential equation of the first order between p and x may 

also be obtained, when the given equation is not in the form y :=zf (x,p). 

by differentiating and eliminating y from the result by means of the 

original equation; but the result thus found is not usually "simpler than 

the given equation. It is moreover obvious that an equation in the form 

dx 
x=:(l> (y^ q)^ where q is put for --—, can be treated in like manner by 

(ly 

differentiating with reference to y, 

Some of the cases in which the derived equation is integrable are 
illustrated in the following articles. 

Homogeneous Equations of the First Order. 

34. When a homogeneous equation of the first order but not of the 
first degre cannot be solved forp, it may be possible to solve it for -^; 

X 

that is, to put it in the form 
whence y =: a? ^ (p). 
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« 

. Differentiating, P = ^ 0' (i>) i^ + (p)^ 

CLvC 

in which the variables can be separated, thus 

dx ^' (p)dp 

Equations from which one of the YariaUes is Absent 

36. If the equation does not contain x, it should, if possible, be 
solved for p : it then takes the form 

whence arm / 7— — r-|-c. 

J f[y) 

If it cannot be solved for p, let it be solved for 2/, thus 

y — ^[p)\ 

dt) 
differentiating, p=:^'(jp)-^ 

U.X 

in which the variables x and p can be separated. For example, given 

2/ = p^"fli>'; (1) 

differentiating, p = { 2p -|- 2p ^ ) _^^ 

dir = (2 + 2p) dp, 
and integrating, a? = 2p + p^ + C, 

which can be written in the form 

(p + l)2 = ir + c, (2) 

Substituting the value of p derived from equation (2), namely 

P = — l-f-V(« + o), 
in equation (1), we obtain 

2/=:i — aj-c + f(a? + c)f, 
or rationalizing, 

36. Next, suppose the equation not to contain 2^; if it can be solved 
for p, it will take the directly integrable form 
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if not, let it be solved for x. Then 

differentiating with reference to y^ 

P dy' 

in which the variables y and p can be separated. 

Clair an t^ 8 Equation, 

37. The equation 

2/=:a?p+/(jp), (1) 

where / denotes any function, is known as Clairaut's equation. Its 
complete integral is obviously 

y=:a;c+/(c); (2) 

for the result of differentiating this equation with reference to x is 

which substituted in (8) produces equation (1). 

The complete integral (2) ,in this case, represents a system of straight 
lines. 

38. The conditions for equal roots in equation (1) and inequation (2) 
are obviously identical. Since the multiple roots of an equation satisfy 
the derived equation, the condition for the existence of equal roots is 
found by eliminating the unknown quantity between the given and 
derived equations. Differentiating (2) with reference to c, we have 

= 0?-+-/' (c), (3) 

hence the required condition is the result of eliminating c between equa- 
tion (2) and (8). ' The process is the same as that of finding the envelop 
of the system of lines (2), [see Diff. Calc, Art. 367] and the result is the 
singular solution of equation (1). 

For example, let the differential equation be 



the complete integral is 



y=px + ^, (1) 



y = ca? + — . (2) 

c 



Differentiating with reference to c, 

= x--; 
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whence substituting C:=^ / — in equation (2), and reducing, we have 

y^:=4(ix (3) 

the singular solution, which is the equation of a parabola, to which the 
lines represented by the complete integral (^) are the tangents. 

Extension of Clairanfs Equation. 

39. The equation 

y = a?0(p)-h/(p) (1) 

is known as the extension of Clair auVs equation. The relation between 
X and p, found as in Art. 31, is 

p = ^(^)+xf(p)g+/(p)^^, 

^= ^'W ^^ f(p) 



dp p~9(p) p — <l>{p) ' 

This is a linear equation for x regarded as a function of p, and by means 
of its integral p is to be eliminated from equation (1). 

Transformation of Differential Eqyuations. 

40. It is sometimes possible to reduce an equation to an integrable 
form by replacing one of the variables, for example y, by a new variable 
2f, which may be a function of 2/, or of both x and y. As an illustration, 
let us take the equation 



+.^(g)'=.,.+..,£ 



Since d^y"^) =z2y dy^ the equation is obviously simplified by putting 2^^ =:«, 
which gives 

whence (— 2n ^ ^= 4n.l— 4z -|- Snx. 

Again, putting v:=z — 2nx^ this becomes 

whence ■ = dx. 

2v(n^ — V ) 
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Integrating, V(»i^ — v) = ar — c, 

or w^ — y^ -\- 2iix =: (x — c)^. 

41. The homogeneous equation 

xp^ — 2yp + 4a7 =3 
may be reduced to Clairaut's form by putting 



Z=:X^^ 



whence 



dx^= 



(Jz 



and 
Substituting, 



dx az ^ 
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or 



and the integral is 



y=^p+ -^ 



y = cz-\- 



or, putting C= , x^ -\- Cy -{- C = 0. 

Trajectories. 

42. A curve which cuts a system of curves at a constant angle is 
called a trajectory of the system. The case usually considered is that 
of the orthogonal trajectory^ which cuts the given system at right angles. 
The differential equation of this trajectory is readily derived from the 
differential equation of the given system; for, at every point of inter- 
section, X and y have identical values for the curve and trajectory, but, 
if ^ and 0' denote their inclinations to the axis of a;, 






= f X 



2 



whence 



p 1= tan (1)=: — cot (l>' = 



P' 



If, therefore, we substitute — — for p in the differential equation of the 

given system of curves, the result will be the differential equation of the 
trajectory. The complete integral of this equation represents a system 
of curves each of which is an orthogonal trajectory of the given system. 
It is obvious, also, that the curves of the given system are the orthogo- 
nal trajectories of the new system. 
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43. As an illustration, let it be required to determine the orthogonal 
trajectory of the circles which pass through ttvo gioen points. 

Taking the straight line which passes through the'given points as the 
axis of ?/, and the middle point as origin, and denoting the distance be- 
tween the points by 26, the equation of the system of circles is 

• a?2^2/- H-ca?— 52=:0, 
in which c is an arbitrary parameter. Putting this in the form 

X 

in order that c shall disappear on differentiating, we have 

a;2__2/^ -I- 62 H- 2a-2/p = 
for the differential equation of the given system of curves. Substitu- 

dXi 
tine:— r for «, we obtain 
dy 

2xydx — (£C2 — 2/2 -f- 62) (£2/ =r 0,; 

the differential equation of the trajectories. Putting 2; — a?*, this be- 
comes 

ydz~zdy-\- (y^ —b"^) dy = 0, 

of which — is obviously an integrating factor. Thus 



ydz — zdy / 6*- 



V' 



l-(i-^)^=o, 



and integrating. 



z b^ 



or x^-\-y^-{-b^-i-Cy = 0, 

Hence the trajectories form a system of circles of which the axis of X is 
the common radical axis, and the given points are the vanishing points. 

III. 

Equations of the Second and Higher Orders, 

44. It is shown in Art. 4. that two arbitrary constants must occur 
in the complete integral of a differential equation of the second order. 
The direct integration of an equation of the second order produces an 
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equation of the first order containing one arbitrary constant. Thus the 
equation 

when multiplied by 2 p. where »=-^. whence -r--- = --^ becomes 

ax dx^ dx 

^^Tx^^yd^^^^ 

which, by direct integration, gives 

p^Jty^ = c\ [2) 

in which it is convenient to denote the constant of integration, which 
must obviously be positive, by c^. 

Now solving equation (2), which is of the first order, we have 

dy 



V(c'-y') 



dx^ 



1 7/ • 

whence sin " — = x4-a, 

c 

or y =zc sin (x-^ a) ^ (3) 

where xisa second constant of integration. 

The complete integral (3) may also be written in the form 

y=:c cos a sin x-\-c sin a cos a?, 
or putting 

u4 = c cos a, B = c sin a, 

. y = Asmx-^Bcoax^ (4) 

in which, since A and B may have any values whatever assigned to 
them, they may be taken as the two independent constants of integra- 
tion. 

The First Integrals. 

46. The equation of the next lower order resulting from the direct 
integration of a given differential equation is called a first integral of 
the equation. Thus equation (2) in the last article is a first integral of 
equation (1). The complete integral (3), in this case, is the complete 
integral of (2) when a is regarded as arbitrary, and the latter equation 
may be derived from it by differentiating and eliminating a. 

If, on the other hand, we differentiate (3) and eliminate c, the result 

is 

_p = 2/cot (a?-i-a), (5) 
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a relation between x, y, p and «, from which equation (1) may be re- 
produced by differentiating and eliminating o. Equation ^5) is there- 
fore also a first integral of the given equation (1) ; and we thus see that 
a differential equation of the second order has two first integrals cor- 
responding to the two constants which appear in the complete integral. 

46. Let us now consider the form (4) of the complete integral in 
this example. Differentiating, we have 

p = A cos X — B sin x. 
Eliminating B from (4) by means of this equation, we have 

ysinx-\-pcoBX = A. (6) 

In like manner, eliminating A^ we have 

ycoBX — pBmx:=B. (7) 

Equations ^6) and (7) are the two first integrals of 

corresponding to the form (4) of its complete integral. 

47. It is obvious that the two first integrals constitute two relations 
between x^ y, p and the two constants, and therefore the elimination of 
p between them will produce the complete integral, or relation between 
a;, y, and the constants. Thus, equations (2) and (5) give equation (3), 
and equations (6) and (7) give equation (4); and in fact any two first 
integrals containing independent constants give rise to a form of the 
complete integral. 

Integrating Factors, 

48. A differential equation of the second order is said to be exact ^ 
when it is the direct result of differentiating an equation of the first 
order. If any first integral of a given equation be written in such a 
form that the arbitrary constant disappears by differentiation, the result 
of its differentiation will be an exact equation, and will be equivalent 
to the given equation, multiplied, in general, by an integrating factor. 
Thus the differentiation of equation (6) in the last article gives 






and equation (7) gives in like manner the integrating factor sin a?. Again, 
the solution in Art. 44 shows that p is an integrating factor of the same 
equation. 
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Oeometrical Meaning of a Differential Equation of the 

Second Order. 

If, in a di£ferential equation of the second order, we regard x 
and y as the rectangular coordinates of a point, p will determine the 
direction in which the point is moving. We may in the equation as- 
sume any values we chose for a;, y and p\ the equation then determines 

the value of — '-, and this, in connection with the value of p. determines 

the curvature of the path in which the point moves. The equation of 
of the path described is a particular integral; and the complete integral 
represents the doubly infinite system of curves thus determined. In 
other words, the equation of the system contains two arbitrary constants, 
whose values, for the particular integral considered, may be determin- 
ed by the conditions that the curve shall pass through the assumed ini- 
tial point, and that at that point p shall have the assumed initial value. 

60. In the example considered in the foregoing articles, the com- 
plete integral (3), Art. 44, 

y=^c sin [x -|- a) 

represents all the sinusoids whose axes coincide with the axis of a?, and 
of which 27r is the length of a complete branch. 

If c is regarded as fixed, and a alone as arbitrary, the equation repre- 
sents the system of equal sinusoids which is produced by moving the 
sinusoid 

y=zc sin x 
in the direction of the axis of x\ and the corresponding first integral 

is the differential equation of this system. If we now suppose c to vary, 
we have the Infinite number of systems of sinusoids, of different ampli- 
tudes, which constitute the doubly infinite s^^stem represented by the 
complete integral. 

In like manner, the doubly infinite system of curves may be derived 
from the singly infinite system represented by any first integral, by the 
variation of the constant which appears in that first integral. 

61. The first integral considered in the last article has the singular 
solution 

representing the straight lines y = it c, the envelopes of the system of 
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equal sinusoids; this, however, is not a solution of the given differential 
equation of the second order 

but corresponds to the integrating factor p by means of which the first 
integral in question was derived in Art. 44. Thus a singular solution 
of a first integral is not a solution of the given equation of the second 
order, but results simply from the mode in which the doubly infinite 
system of curves is decomposed into a system of systems of curves. 
The other first integrals of this equation which have been given in the 
preceding articles have no singular solutions, the singly infinite system 
of curves represented being in each case a system of curves intersecting 
only in fixed points. 

Singular Solutions of Equations of the Second Order, 

62. If the given difi'erential equation of the second order be of the 
first degree, and we put 

J^ = ^' 

The equation will always determine a single value of q corresponding 
to any assumed values of a;, y and p, Thus there will be one and only 
one curve of the system passing through a given point in a given direc- 
tion; and a point moving in such a manner as to give the proper value 
to q necessarily moves in one of the curves representing particular inte- 
grals. But if the equation is of the second degree, there are two real or 
imaginary values of q corresponding to the assumed values of ^, ^ and 
p; and. when q is real, there are two curves passing through the assum- 
ed point in the assumed direction, and therefore touching one another. 
These two curves will in general have different curvatures, and a point 
moving in such a manner as to satisfy the differential equation when 
passing tiirough the given point in the given direction will necessarily 
move in one of these two curves. 

53. Now suppose the assumed values of a?, y and p to be such that 
q has equal roots, and that the point moves in si^ch a manner that the 
condition for equal roots continues to be satisfied; then it is possible that 
a point so moving shall at each instant have a value of q identical with 
the equal values of q corresponding to its position and direction of mo- 
tion; just as, in the case of a differential equation of the first order, a 
point moving in the envelope has at each point a value of p identical 
with the equal values of p cori'esponding to that point. The curve thus 
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described is said to osculate with each of the particular integral curves 
which touches it, that is, to have at the point of contact the same curva- 
ture with it. The equation of an osculating curve is a singular solution 
of the differential equation, since the simultaneous values of x ?/, p and 
q satisfy the equation; and the condition that q shall have equal roots 
is, in general, a relation between x, y and p, that is, a differential equa- 
tion of the first order which is satisfied by the osculating curves if any 
exist. 

64. To illustrate, let us suppose the system of curves represented 
by the complete integral to consist of all the circles whose centres are 
on the curve whose equation is 

F{x,y) = ^. (1) 

Then if we assume any point and direction, the centres of the particu- 
lar integral circles which pass through the assumed point in the assumed 
direction may be found by drawing a straight line through the assumed 
point perpendicular to the assumed direction to meet the cui*ve repre- 
sented by equation (1). 

Let us suppose.that this line generally meets the curve in two points, 
so that there are two values of g; then the case of equal roots occurs 
when the line is tangent to the curve. Hence, a point moving so as to 
satisfy the condition for equal roots describes a curve whose normals 
are tangent to the given curve. Such a curve is an involute of the given 
curve (1), and the circles of the system which touch it are its circles of 
curvature. Now it is evident that a point moving in the involute has 
the same values of a?, y, p and g, as if it were moving in the circle of 
curvature at the point of contact, so that the equation of an involute 
satisfies the differential equation, and is therefore a singular solution. 
Thus the condition for equal roots in this case is the differential equation 
of the first order representing all the involutes of the given curve (1), 
and the cquL tiers of these involutes aietirgular soluticns of the given 
differential equation. J 

Derivation of the Oornplete Integral from two First Integrals. 

66. The relation between the complete integral and any two inde- 
I)endent first integrals, explained in Art. 47, sometimes leads to a deter- 
mination of the former without further integration. 

For example, as an obvious extension of the results arrived at in 
Art. 48, we see that the equation 
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has the integrating factors 

cos «a7, and sin ax\ 

and since these expressions involve x only, they are also integrating 
factors of the more general equation 

, ax- 

in which X denotes any function of x. Thus, we have 

cosao;— ^, +a^wcosaic=:Xcosaa;, 

ax^ 

an exact differential equation whose integral is 

cos ax Y.~^^y ^^^ ^^ ^^J -^cos axdx-^C. (2) 

In like manner, the integrating factor sin ax gives 

sinou' — — ail cos ax:= / Xsin axdx-\-C' . (3) 

dx •^ ' 

Eliminating p between the first integrals (3) and (3), we have 

ay = sin ax J Xq.qis> ax dx — cos ax J Xsin ax dx 
. + Csin ax — C cos ax. 

Exact Differential Equations of the Second Order. 

56. An exact differential of the second order, is the differential of 

an expression involving a?, ?/, and p. Hence, if a given expression is 

d'^y dx) 
exact, the derivative -r-— or -^ , being introduced by the differentiation, 

dx- dx ^ -^ ' 

can occur only in the first degree; and the terms containing p in the in- 
tegral may bo at once derived by integrating with reference to p the 

dp 
terms containing - in the given expression. Having found these 

terms, their complete derivative must be subHtracted from the given 
expression of the second order, and the remainder, which will be a differ- 
ential expression of the first order must be examined. If this remainder 
multiplied by dx forms an exact differential, the sum of its integral and 
the terms already found is evidently an expression whose differential 
is the given expression. The latter is therefore, in this event, an exact 
differential, and the sum just mentioned is its integral. 



30 
67. For example, let the equation 

b9 given. The first member jnay be written 

^j ^^^-^ ^p- —yp- 

Integrating the first term with respect to jp, we have 

^JP^ 
of which the complete derivative is 

^P X 2 1 

Subtracting this Irom the given expression, the remainder is 

w;hich multiplied by dx is the exact differential — 2ydy. Hence, equa- i 
tion (1) is exact, and 

xyp-^jl=C 

is a first integral. Separating the variables, and integrating again we 
have the complete integral . 

C-{-y^ = C'x\ 

Equation (1) may also be integrated by dividing by xyp which 
gives 

p y X 

in which the three variables are separated. 

Equations in which y and one or more of its Lower Deriva- 
tives do not occur. 

6S, As mentioned in Art. 31, an equation of the second order which 
does not contain y may be regarded as an equation of the first order 
between p and x. In fact, the method explained in that article consists 
in forming an equation of the second order of which the given equation 
is a first integral, obtaining another first integral of this equation, and 
then deriving the complete integral by the elimination of p. 

When the given equation of the second order, not containing y^ is 
of the first degree with respect to both the derivatives, it may be written 
in the form 
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which is a linear equation for p. For example, the equation 

takes the linear form 

dp xp ex 

dx "^ 1 -t 072 — "~ 1 ^ x^' 

of which the integral is 

, C 



Integrating again, 

69. In general, an equation of the 7ith order in which if does not occur 
and the lowest deriTative is of the ?i;h order is equivalent to an equa- 
tion of tlie (n — ?'jth order for the determination of this derivative. For 
example 



is equivalent to 



Lx* cla; 






dx' 
of which the complete integral is 

qz=ce -\-c e 
Integrating twice, we have 

Equatiojis in which x does not occur, 

60. An equation of the second order in which x does not occur Yvwy 
be reduced to an equation of the first order between y and p by the ttib- 
stitution 

d^y C'p dp 

dP = di=Pdi}- 



